Chapter Six: Riemann Integral

Chapter six:
6. Riemann Integral (ctaw Ja\ss)
6.1 Definitions and Characterizations (<l s i jlag)
Definition 6.1:
1- A partition of the interval [a, b] Is a set
p ={a=xy,x,%5, ..., %X, = b} suchthat x, < x; < x, < - < xp,.
2- [x9, %11, [x1, %3], ..., [Xn—1, X5, ] are called segments of p.

3- Ax; = |x;_1 — x;|, Vi=1,2,...,n is called the length of the segment

[%i-1, %]
4- Ap = max {Ax; | i =1,2,..,n}is called the norm of p.
5-If p* = {x¢, X1, X2, V, X3, 2, X4, e, Xn} = p C p~.

Definition 6.2: A partition p* is called a refinement of p if p c p* and

Ap* < Ap.
Now, let f be a bounded function on [a, b] and let
m = inf {f (x) |x € [a, b]}

M = sup{f(x) | x € [a,b]}

Since f is bounded function on [a,b], then f is bounded on each

[xi_l, xi] and let
m; =inf  {f(x)]|x € [x;_1, ]}

M; = sup{f(x) | x € [x;_1, %]}

m<m<M,<M Vi=12,..,n
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Let R(f,p) = 2=, m;Ax; = Lower Riemann sum of f on [a, b] with a

partition p.

Let R(f,p) = X%, M;Ax; = upper Riemann sum of f on [a, b] with

partition p.

Remarks 6.3: 1- R(f, p) < R(f,p), (sincem; < M;, Vi).
2-m(b —a) <R(f,p) <R(f,p) <M(b - a).

Remarks 6.4:

1-+ R(f,p) < M(b —a) = R(f,p) is bounded above by M(b — a) =
R(f,p) has sup. i.e.

sup. {R(f,p)|pisapartitionon[abl}=R[ f= fgbf =

Lower Riemann integral of f on [a, b].
it is clear that R(f,p) < [ f.

2- Since m(b — a) < R(f,p) = R(f,p) is bounded below by m(b —
a) = R(f,p) hasinfi.e.

inf {R(f,p)|p is a partition on [a,b]} =R [~ f = fff =upper

Riemann integral of f on [a, b].

It is clear that faEf < R(f, p).
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3-m(b —a) <R(f,p) < fgbf < fff < R(f,p) < M(b - a).

Definition 6.5: Let f:[a,b] = R be a bounded function on [a,b]. If

fff = fff,then f is said to be Riemann integrable (or R-integrable) on

[a, b] and denoted byfgbf = fff = f: f.
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Theorem 6.6: If f is a bounded function on [a, b] and p* is a refinement

of p, then R(f, p) < R(f,p") and R(f,p*) < R(f,p) .

Proof: Let p = {a = xg, X1, X3, ey Xyy—1, Xyyy woe» X1 X, = b} be a

partition on [a, b].

Let p* = {xg, X1, X2, 0o, Xyy—1, X, Xy, -, Xn—1Xn} b€ a refinement of p

where x,_; < x < xy.
To prove that
R(f,p) <R(f,p"), then

R(f,p) = XLy m;Ax; where m; is inf f on [x;_q, x;].
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Letm' = inf f on|[x;_4,x;] and m" = inf f on[x, x,],
And m,, = inf f on [x,_1,x,] = my, <m',m, <m"

R(f,p") = 7L"L=_11 mAx; + (X — xy—1) m' + (x, —x)m" +

n
i=u+1 MiAX;

R(f,p") = CH mibx; + my (e — xy—1) + Ditpyg midx) (x —

xy—Dm’ + (e —20m" —my, (o — xy—1)

= Xt mibx; + (m' —my)(x — xy—1) + (M" —my) (3, — X)
~R(f,p") =R(f,p) + (M —m)(x — x—1) + (M" —m,,) (%, — %)
~R(f,p") =R(f,p) = (' —m)(x — x—1) + (M" — m,,) (%, — %)
= R(f,p") —R(f,p) 2 0 = R(f,p) <R(f,p")

To prove that R(f,p*) < R(f,p)

Since R(f,p) = Y™, M;Ax; where M; is sup f on [x;_1,X;].

Let M' = sup f on [x,_,,%] and M" = sup f on [, x,]

and My, =sup f on [xy_,x, ] > M <M, <, M" <M,

R(f,p*) = T¥ MiAx; + (X — Xy )M’ + (x, —)M" +

n
i=u+1 MiAx;

E(f:p*) = (Zygll MiAxi + Mu(xu - xu—l) + 2?:u+1 ]\/IiAxi)(E -
xu—l)M, + (xu - E)M” + Mu(xu - xu—l)

= Z?=1MiAxi + (M’ - 1\411)(E - xu—l) + (M” - Mu)(xu - E)
E(f,,ﬁ*) = ﬁ(frp) + M =M —x,_1) + (M — M) (x,, — X)

“R(f,p*) =R(f,p) = (M = M) (X = xy_1) + (M" = M) (x, — %)
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= R(f,p") = R(f,p) < 0= R(f,p*) < R(f,p)

Corollary 6.7: If f is a bounded function on [a, b], then R(f,p;) <

R(f, p,) for any partitions p; and p, of [a, b].

Proof: Let p = p; U p, = p is arefinement of p;and p,

R(f,p1) < R(f,p) (by theorem(1)).......... (1)
R(f,p) < R(f,p) (by definition)............ )
R(f,p) < R(f, p,) (by theorem)............. (3)

From (1),(2) and (3) we get

B(f' pl) S E(f: pZ) .

Remarks 6.8:

n(n+1)
2

1Y k=14+2+3+-+n=

n(n+1)(2n+1)

2'2%:1162:12+22+32+...+n2: -

YR kP=13+23+33 4+ +nd= n(nz+1)
6.2 Examples

1- Let f:[a,b] = R be constant function such that f(x) =k Vx €
la,b] ,k € R, then f is R-integrable on [a, b].

Solution 1:
Let p = {a = xy, x4, ..., X, = b} be a partition on [a, b].

R(f,p) =X imiAx; = ¥ kAx; = kY1, Ax; = k(b — a)
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fgbf = sup{R(f, p) | p is a partition on [a, b]}
= sup{k(b —a), k(b —a), ...}
= k(b —a),

And R(f,p) = X% MiAx; = ¥ kAx; = kY™, Ax; = k(b — a)

fff =inf {R(f,p)|pisapartition on [a, b]}
=inf {k(b—a), k(b —a), ...}

= k(b - a).

fgbf = fagf = k(b — a) = fis R — integrable on [a, b].

2-Let f:[a, b] = R be a function such that

_ (0 x€Qin][a,b]
f(x)_{l x & Qin|a,b]

Is f R-integrable on [a, b]?.

Solution 2:

Let p = {a = xy, x4, ..., X, = b} be a partition on [a, b].
R(f,p) =YX mAx; =X 0Ax; =0+0+--+0=0
fgbf = sup{R(f, p) | p is a partition on [a, b]}

= sup {0,0,0,....} =0



Chapter Six: Riemann Integral

fff =inf {R(f,p)|p is a partition on [a, b]}.
=inf{(b —a),(b —a),..}.

= (b —a).

fgbf * faEf = f isnot R — integrable on [a, b].
3- Let f:[a, b] = R be a +function such that

—3 x €Qin|a,b]

fx) = { 2 x¢Qin[ab] IS f R-integrable on [a, b]

Solution 3: (check)



