Chapter Five: The Derivation

5.7 Differentiation of the Functions (Jls GW&idr)
Definition 5.39:

1-LetD € Randp € D and let
F(x) = %’;(m , (F is a function defined on D /{p})

If lim,_,,, F(x) exists, then f is differentiable at p and

limx—>p F(x) = 1imx—>p %{;(m = f’(p)’
where f'(p) is the derivative of f at p.

2- If f is differentiable at each point x € D, then we say that f is
differentiable on D and f'(x) is denoted the derivative function of f on
D.

3- Then, f'(p) is a real number, f'(x) is a function.

Example 5.40:
1- Let f(x) = ¢,Vx € R, then,

xX-p

fl(p) = limx_)p = limx_)pm =0

= f'(x) = 0,Vx €R.

2- Assume that
f(x) =x,Vx€E€R,

then,
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' i fG)-f®) _ . X-p _
f (p) = llmx_)p T = llmx_)p E = 1.

= f'(x) =1,Vx €R.

3- Suppose that
f(x) = x? Vx €ER,
then,

' . (x)- 2_p?
f (p) = llInx—>p I _zfj(p) =P

= 11mx_)p W

= lim,,(x + p) = 2p.
Therefore
f'() = 2p.

= f'(x) = 2x,Vx ER.=

Definition 5.41: Let f: D — R be a function and D be an open interval, a
function f is said to be differentiable at x, € D, if for any sequence

< x™ >in D such that
X, = Xg, (i.e.,x, # Xp),
then,

fCen)—f (x0)

Xn—Xo

converges to the constant number a = a(x,).i.e.

. f(xn)_f(x ) l
hmx"_)xOTxoo =axy) =a= f (xo)

2
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or

. (x)—f(x0) /
llmx_moM = a(xo) = f'(xo)-

X—Xo

Theorem 5.42: If f is differentiable function at x, € D, then f is

continuous at x,.
Proof :

If f is differentiable at x, € D, then,

/ —1: f(x)=f(x0)
f'(xo) = lim ==——=.

= limye e, (x = x0) f' (x0) = limy ., (f (¥) — £ (x0) )-
= lim, ., [f(x) — f(x0)] = 0.

= lim, ., f(x) = f(xo)-

= f is continuous at x,.m

Remark 5.43: The converse of above theorem is not true. Now,

consider the following example.
Example 5.44:
Let f: R — R be a function such that
f(x) = |x| Vx € R,
= f IS continuous on R (why..?)
= f is continuous at x, = 0. (why..?)

But f is not differentiable at x, = 0, (why..?)
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Since

f(x)—f(0)

x—0

f(0) = lim,_,

— i |x|-0 _ li |x|
= IMy_9 -0 1My 0 x

y ,‘f'x>0
= 11m-s_ .
x—0 7",x<0

= f'(0) does not exist.
= f is not differentiable at x, = 0.m

Theorem 5.46: If f:D—>R and g:D - R are two differentiable

functions at x, € D and c € R, then:

1- f + g is differentiable at x,, and

(f +9)'(x0) = f'(x0) + g'(x0) .

2- f — g is differentiable at x,, and

(f —9) (x0) = f'(x0) — g'(x0) -

3- f. g is differentiable at x,, and

(f.9)"(x0) = f'(x0).9"(x0) -

4- C. f is differentiable at x,, and
(C.f)'*0) = C.f'(x).

5-1f g(xg) # 0, then § is differentiable at x,, and

JAY _ 9o f! (o) —f (x0)g' (x0)
(g) (xo) = [g9(x0)]?
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6- Also, é Is differentiable at x,, and

1 —9'%0)
( ) (0) = foceore
5.7.1 The Chain Rule (Al 32218

Theorem 5.47: Let J and L be two open intervals in R and f:/ - R and
g:L — R be two functions such that f(J) c L. If f is differentiable at
Xo € ] and g is differentiable at f(x,) € L, then g o f is differentiable at

xo € J and then,

(g ° ) (x0) = g'(f (xo)- ' (x0)
Proof:
Let h=gof:] > R,x, €]J.

(gof)(x)=(g°f)(xo)

X—Xo

h,(xO) = limx_,xo

g(f())=g(f(xe)) f)—f(xo)

h'(x0) = lim,_,,,

X—=Xo O (x0)
/ T 9(f(x))-g(f (x0)) F ) =1 (x0)
W O0) = My T M amy

Sy g’(f(xo))-f’(xo) -
= (g o f) (x0) = g'(f(x0). f(x0) .M
Theorem 5.48 (The Invers Function Theorem dsesal) d1al) 43a 4ua)

Let f: D — R be a one-to-one function and differentiable at x, € D such
that f'(x,) # 0, then f~1: f(D) — D is differentiable at f (x,) and

F ) = 7
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Proof: Check...?

5.7.2 Mean Value Theorem (e s! 4l 4ia ;i)

Theorem 5.49: Let f:D — R be a differentiable function at p € D. If
f'(p) > 0, then is € > 0 such that

fx) <f(p),vx <pinN(x,p)
and
f&) > f(p),vx >p inN(p,e).
Proof:
If f:D — R be a differentiable function at p € D, then,
F)-f®)
x=p

f'(p) = lim, >0=3¢e>0,

such that

f(x)-f(p)

o > 0,Vx € N(p,e€).

= f(x) — f(p) and x — p, have the same sign.

x>p= f(x)>f(p),

and if

x<p=f(x) < f(p),Vx € N(p,e¢).

= fisincreasingon N(p,€). m
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Theorem 5.50: Let f: D — R be a differentiable function at p € D.
If f'(p) < 0, thenis € > 0 such that
fx) <f(p),vx >pinN(p,e)
and
fx) > f(p),Vx <p inN(x,p).
Proof:
Suppose that f: D — R be a differentiable function at p € D, then,

fr(p) — limx_)p f(x;:f(l’) <0
p
= Je > 0 such that

f&x)—f(p)

xX—p

<0Vx € N(p,e).

= f(x) — f(p) and x — p have the same sign.
Ifx>p=f(x) < f(p).
Ifx <p= f(x)>f(p),Vx € N(p,e).

I.e. = fisdecreasingon N(p,€).m

5.7.3 A Local Maximum and Minimum Point s_all 5 el 4:lgl) 4dass)
(Galaadl

-

Definition 5.51: A point p is called a local maximum point (I.m.p.) of f
if there is a N(p, €) such that

f(p) = f(x),Vx € N(p,€) .



Chapter Five: The Derivation

Definition 5.52 (A local minimum point):

A point p is called a local minimum point (I. mi. p.) of f if there is a
N (p, €) such that

fp) < f(x) Vx € N(p, ).
Examples 5.53:
1- Let f: R = R such that
f(x) = 3x* — 4x3 — 12x2, then,
f'(x) =12x3 —12x% — 24x = f'(x) = 0.
= 12x(x2—x—-2)=0= 12x (x + D(x —2) = 0.
== x=0x=-1,x = 2.
Since f(0) = f(x),vx € N(0,¢) = 0isl. m. p. of f.
If f(—1) < f(x),Vvx € N(—1,¢) = —1isl. mi. p. of f.

Now if, f(2) < f(x),Vx E N(2,¢) = 2 is|. mi. p. of f.

2- Let f:RT > R such that
f(x) =sin (1/x) then,
f'(x) = ;—Zlcos G)
=f(x)=0= ;—;cos G) = 0.

therefore

X = 2
- (4n-m

isl. mi.pof f (n € N),
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and

2
x =
(4n+1)m

isl.m.poff(neN).n

Theorem 5.54: Let f: D — R be a differentiable functionatp € D, if p is

a local maximum point or a local minimum point, then
f'(p) = 0.
Proof:

Let f:D — R be a differentiable function at p € D, if p is a local

maximum point or a local minimum point.

If f'(p) > 0= 3 aN(p,e)suchthat f isincreasing function p is not a

mipandnotal. m.p, CL

If f'(p) < 0= 3a, N(p, €) such that f is decreasing function p is not a

l. mi.pand notal.m.p.,, CI
Then,
f'p)=0.m

Remark 5.55: The converse of above theorem is not true. For this

purpose, consider the following example:
Example 5.56:
Let f(x) = x3

= [’ = 3x?

= f'(x) = 0.

= 3x%2=0
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=x=0= f'(0) =0.
But

x=0isnotal. m.poral. mi.pof f.m

5.7. 3 Rolls Theorem (s, 4 sw)

Theorem 557 : Let f be a continuous function on [a,b] and
differentiable on (a, b) if

f(a) = f(b) = 0, then is a point ¢ € (a, b)
such that

f'(c) = 0.
Proof:

Case (1):

If £ is constant mapping
= f'(x) =0, Vx € (a,b)
= 3c € (a, b) such that f'(c) = 0.
Case (2):
If £ is not constant mapping.
Since f is continuous on compact set [a, b], (why..?)
then,
= 3x,, Y, [a, b] such that

Xpisal.m.pand yyisa l.mi.p such that

10
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fo) < f(x) < f(xo),Vx € [a,b].
If £(xo) = f(¥o) = f is constant C!.
= f(x0) # f(¥o) = %o #* Yo
= at least one of the point x, or y, # a or b (f(a) = f(b))
= either x, € (a,b) or y, € (a,b)
= either f'(xo) =0 or f'(y,) = 0 (if p is L. m.p or L.mi.p)
= f'(p) = 0 = 3c € (a,b) such that f'(c) = 0.m
Example 5.58:
1- f(x) = 3x — x3,vx € [-V/3,V3].
Solution 1:
+ f is continuous on [—v/3,v/3], differentiable on (—V3,v3),f(V3) =
F(-v3) =0
Then, by Rolle’s theorem 3¢ € (—v/3,v3) such that f'(c) = 0.
v f'(x) =3 —-3x2 = f'(c) = 3—3c2.
= f'(c) =0=3—3c2=0.
=c2=1=c=7*1 €(-V3,V3).
2- f(x) =V1—x2 vx €[-1,1].

Solution 2: Check.m
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