Chapter Two: Metric Spaces

Definition 4.9:
Let (X, d) be a metric space ( or topological space ), S € X and p € X.

We say that P is a limit point ( or cluster point or accumulation point) of
Sevr>0,(B.(® \{p}nsS+0.

Remark 4.5:
1- The set of all limit points of S is denoted bysS.
2-S = S U Sis called the closure of S.
Example 4.10:
Let (R, d) be the usual metric space.
1-1f S* = (a,b) = S = [a,b] & S = [a, b].
Proof:

1- Letp € (a,b) = Vr > 0,(B,(p) \ {pHNS = 0

\ \
= p is a limit point of S \ — /
I
B.(P)
_ . B,(P)
2-1fp=a orp=0> , A
/( ) /AR
=>vr>0, B\ {pHNs=o ., Ly
= limit point of S
3-Ifp & (a,b)[p + aVp # b] B,(P) B.(P)
— —
[N/ N\ 7
= vr >0, (B.(p) \ (pHNS = 0 oL N
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= p is not limit point of S

_.”S":[a,b]v §:SU§:[a,b]

2- |f5={1,%,3,%,---}cR,thens’={0}. B.®)
i
\
Solution: Let x € R. If x = 0, then _f 0’

If B,(0) = (—r,7),thenr >0 =3In € Ns.t%< r

Thus (B.(0)\{OHDNS @ =>0€S
fx#0=3r>0stB.x)\XDHNS=0=>x¢S (How?)
~ $=1{0}
3-Let Q be the set of rational numbers and p € R.

“Vr>0,B.(p)=@—-rp+7)

{contains infinite numbers of Q&Q°¢}
= B, \PINQ+P=>pe@d=>0=RandQ =R.
4- If S any finite set in R™, then S = @.
Proof:
LetS ={p;,p2,.. prtand g € R™
1-Ifg ¢S
= 3ar >0s.td(q,P;) >r,i=1,2,--,-
Thus B,(g)NS=0=q ¢S
2-1fg €S

Let r = min{d(p;,¢),i = 1,2,:++, }
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(Bg(q)|{q}) NS=0=>q¢S

Fromland2=>S$=0
5-I1f H = {(x,y) € R?|y > 0}, then
H = {(x,y) € R*ly = 0}.
6- If $ = z(inteyer numbers) c R, then § = @ (why?).
Proposition 4.3:

Let X be a metric space ( or topological ) and S € X. Then S is closed

e S5cs.
Proof:
= Let S be a closed set = S¢ open set
Letp € S =>p € S
= p interior point of S°¢
= 3r > 05s.tB.(p) € S° = (B, (»)|{pHNS = ¢
=~ p not limit point of S (i.e., p & S)
=S CS.

&< Let$ c S, to prove that S is a closed set (i.e., T.P S€ is an open
set).

letx €S =>x¢S=>x¢S (because S S S)

~ x Is not limit point of S.
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= 3 open set U, in X s.t
x€EU,NS=0=>U,CS°
It is clear that S¢ = U,es U, = S€ open set.

Gl:uuc..m}\ajjm.izq)ld\ u\;baﬂ\@( limit p0|nt)@;ﬂ\km%a@4u‘ day

Theorem 4.5:
Let X be a metric space,  # S € X andp € X. (check)
1- If p € S = p € S or p boundary point of S

2- If p boundary pointof S=p € Sorp €S

Definition 4.10: ( Distance between point and set )
Let X be a metric spaceand @ # S € X ,p € X.
Define A = {d(p,x)|x € S}

d = 0, then a set A bounded below by 0.
Thus A has great lower bounded (g. I. b) (inf.).
Put d(p,S) = inf{d(p,x)|x € S}

The number d(p, S) is the distance between a point p and a set S.

Remark 4.6:

From Def.4.10, we see that
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1-d(p,S) = 0
2-fpeS=>d[»S) =0 (et Sall)
3-Ifd(p,S) =0»pE€S.
Example 4.11:
1- LetS = (a,b) c R, thend(b,S) =0and d(a,S) =0, buta,b &S.
2-Lets ={0,1,5,,- }in R, then d(2,5) = 1 and d(0,S) = 0.
Theorem 4.6:
Let X be a metric spaceand let® # S <€ X ,P € X.
Thend(p,S) =0 peSorp€S.
Proof:

Let d(p,S) = 0 = Every open set U containing p contains at least one

pointof S=>peSorpeSs
cLletpeSorpeS. TPd(pS) =0

IfpeS=d{psS)=0 (see Remark 4.6(2)). A

fpeS. TPd(pS) =0

PeSorPeS

If not, i.e., letd(p,S) =€>0 =Bc(p)NS=0
2

=>p ¢S
Corollary 4.1:

If @ # S < X ( metric space), then
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S={xeX|d(x,s) =0}, whereS=SuUS (check)

Convergence in Metric Space 4 el cilpliadl) B oo )

Definition 4.11:

Let (X, d) be a metric space and let (x,,)be a sequence in X. We say that

(x,,)converges to a point x. € X, if
Ve >0 3k =k(e)Nstd(x,, x)<e Vn>k.
The point x. is called the convergence point of < x,, > and we write

~* xe or limit x,, = xe.

n— oo

¢ In other word A Hhidea s (e

x, = x. & Every ball whose center is x. ( or Every open set contains

Xo )
contains all but a finite number of the terms of the sequence.

Aac ¥l (A o lE o seda e a sall Cua e CRlIAY oDle ) o lE A seda (o)) ;AR
gl

.-

Remark 4.7:
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Let (X, d) be a metric space and let x # y in X, then there exist two

open sets V, and V, in X s.t
x€V,, yE,andV, NV, =0 (check)
Theorem 4.7:

If the sequence (x,,)is convergent in X, then the convergence point is

unique.
Proof:
Let x, = x. and x,, = Yo S.txo # Yo
~ by Remark 4.7, 3 two open sets
Veand V), stx. € V,.&y. €V, and V. NV, = .

Also, V., and V,, are contains all but a finite number of the term of

< x, > (because x;;, = Xo , X;;, = Vo)
> V.0V, #0 C! = xo=1yo
A0 Lpail) 8 daiin ge A sana (Y qanill Aday o)l ALk e sa (y ABa)
Proposition 4.4:
Let X be a metric space, let @ = S < X, and let (x,,) be a sequence in S.
If x, > x- € X,thenx, € Sorx, € S. Conversely  (usS=luy)
If x, € S or x, € S, then 3(x,,) in Ss.t x,, = xo.
Proof:
Suppose that x,, = x-and x, € S. TP x, € S

v Xy o Xe = Vr >0 3k € Nstx, € B.(x-) Vn > k.
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= B,(x)\{x})DNS#@ = x, €8S.Conversely.
If x, € S = The Proposition is trivial because we can take (x,,) = (x-)
( Constant seq.) & (x-) — xo.
Now, if x, ¢ Sand x, € $

vn €N, letV;, = Bi(x.) in X.

v X, ES = Sy = (Bi(x) \ {xHDNS # @ (ifx €S, =
d(x,x) <)

Letx, €S VneN = (x,)isasequenceins$, and

x, = xo (by Archimedes property) (check)

Fundamental Sequences ( Cauchy Sequences)
Complete Metric Spaces
Definition 4.12:

Let (X, d) be a metric space. A sequence (x,,)in X is called Cauchy

sequence

© Ve>03k=k(e) e Nstd(x,,x,) <e Vn,m>k.

Proposition 4.5:

Every convergent sequence in a metric space (X, d) is Cauchy sequence.
Proof. (check)

Remark 4.8:

The converse of Prop.4.5 is not true. See the following examples.
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Examples 4.12:

1-letX =R\ {0}andd: X X X > Rstd(x,y) =|x—y|Vx,y€
X.

~ (X, d) is a metric space & (%) is Cauchy sequence.
= becauseVe >03k eNs.t%<e
AVn>SM>ko-<—<i<e
n m k
= |l—i| <€e Vnm>k.
n m

But (%) is not convergent in R \ {0}, since % - 0¢ R\ {0}.

2- Let (Q, d) be a metric space. Then 3 Cauchy sequence

(r,)in Qs.tr, >vV2¢Q

~ {r,) not convergent in Q.

Definition 4.13:

A metric space (X, d) is called complete if every Cauchy sequence in X is

convergent to a point in X.

Example 4.13:
1- (R \ {0},d) and (Q, d) are not complete metric space ( see, Ex.4.1.)
2- (R, d) is complete metric space ( see, Th.2.7).

Theorem 4.8:

Euclidean metric space R* is complete. Vk € N.

Proof:
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If Kk =1 = The Theorem is true (by Th.2.7)
Ifk =2
Let (z,,) be a Cauchy sequence in R? where

Zm = (xm:ym); xm: ym € R

andlet e >0

= d(z,, z,) < €,Ym,n > k.

=>\/(xm—xn)2+(ym—yn)2 <€ Vmn>k

= (X —%)2 + P — V)2 < €%, Vmn>k

= X, — x| <eand |y, —y,l <€ Vvmn>k.
= (x,,) and (y,,,) are Cauchy seq. in R.

R complete

> Xy 2 X ER ie,3kENsL Ixm—xo|<§ vm >k

and y, > y.€R ie,3k€ENst Iym—yo|<§ vm >k

Now, let z. = (x., y-), then
[d(Zm, 2] = (tm = )% + O — ¥ < S+ S =<

:d(zm,zo)<%<e vm >k = z,, — z.

T.P (R™, d) iscomplete vn € N. (if n = 1, is true by Th.2.7).
Let (z,,) be a Cauchy sequence in R™, where
Zm = (Zim> Zom» "1 Znm) € R"

>Ve>0 3k € Ns.td(z,p,z%) <e Vpg>k.
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ie., Z?zl(zip — Zl-%)2 <€? Vp,g >k
= (zip — 2iy)* < €* Vp,g>kandVi, 1<i<n.
=>|zip—zi%|<e Vp,g >kandVi, 1<i<n.
o (z;m)isCauchy inR Vi, 1<i<n.
* R 1s complete
= Zim ™ Z;

Define, z = (Z1, 25, ", Z;p)

TPz, —>Z

{i.e.,to prove Ve >0 Ik €N s.t d(zp,z_) <e Vp> k}
[d( 2, 212 = Xes (2 — 2)* < S, p > max(ky).
= d( Zp,Z_) < \/% <€ Vp>kwhere k > max(k;).

e Zm - Z

Qb g JalS (5 sia sliad 3 (Embedding ) sk o) (Sas JelS e liad S 1 ddaadla
Aalaly
o LS| JalS yaa plimd e Jpmall sliadll 8 408 5S cilaglitall oyt Lalss
Jal

e Jyeanll JaY Lonnail) ac Y1 8 4k €I baliiall o ) Lalds dilal yie

Alac Y



