Chapter Two: Metric Spaces

Remark 4.2:

For above example (4.2)

1- If n = 1 we get Ex.1.

2- If n = 2 we get Ex.4, (R?,d) is called the Euclidean Plane.

3- (R?,d) is called the Euclidean space. ((s2BY) slzaill)
Basic Principles of Topology L ol A il salsa
Definition 4.3:

Let (X, d) be a metric space, x. € X,and 0 < r € R, then

B, (x-) = {x € X|d(x,x-) < r}is called the ball whose center is x.and

radius is r.

D, (x.) = {x € X|d(x,x-) < r}is called the disc whose center is x.and

radius is r.

e [tisclear that x. € B,(x-) and x- € D,.(x-)
(why?).

e In sometime we say that B, (x-) is a neighborhood of x.

Example 4.3:
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1- Let (R, d) be the usual metric space and d(x,y) = |x — y|

W Br(xe ={x €R|ld(x,x:) <1} ={x ER| |x — x| <7}
={Xx€ER[xc-—r<x<x+T1}=(0—1,%+T)
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Also, D, (x.) = [xo — 1, X0 + 7]
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2- Let (R?, d) be a metric space. Find B,.((xs, y-))

B ((x-, ) = {(x,¥) € R*|d((x,y), (x,¥-)) <1}
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={(y) eRNG= 22+ G —y)? <7}

= {(x,¥) € R?*|(x — x:)? + (y —y-)? < 1?}
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3- Let (X, d) be the discrete metric
: _(lifx#y
ie., d(x,y) —{0 ifx = y V x,y € X. Then
1
Bi(1) = {x € Rld(x,1) <3} = {1}, Bi(2) = {2}
2 2

B10(2) = R, D%(Z) = {2}, D1(2) =R, DlO(Z) =R.

Definition 4.4: (Interior point ~ 4:dalydkads)

Let (X, d) be a metric space and x- € S € X, then we say that x, is an

interior pointof Sif3r > 0s.tB,(x.) C S.

Definition 4.5: (Open set) da giddl) de ganal)
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Let (X, d) be a metric space and S € X, then we say that S is an open set
ifVxe. €S 3r>0st B.(x-) CS.

I.e.,, Sisan open set © Vx € S, x is an interior point of S.
Proposition 4.2: Any ball is an open set

Proof:

Let B = B,(x-) ball whose center is x. and radius r.

T.P B is an open set

l.e, T.Pify € B,then 3 h > 0 (real number) s.t B, (y) € B.
“YyEB=>0<Zd(x,y)<r

Leth =71 —d(x.,y) >0

Letz € By(y). TPz€B,ie, TPd(z,x)<r

d(z,x.) <d(z,y) +d(y,x.)
< h+d(y,x.)

=7 —d(x,y) +d(y,x-)

=7 (d(x,y) = d(, x-)
=z € B.(x) =B
B pAadalhikhi AR Ll e 4l S ey 1a
Example 4.4:
From Ex.4.3 and Prop.4.2.

Any open interval (a, b) in R is an open set

4
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a+b d(a,b
Xo = — V'r = Hab)

2 2

Also, in R? the set of all points inside of any circle is an open set.
Example 4.5:

1- (a,0) ={x € R|x > a} isanopensetinR.

2- (—0,a) = {x € R|x < a} is an open set in R.

3- Q(rational numbers) is not open set in R. (why ?).
Let (R?,d) be a metric space, then

4- A = {(x1,x;,) € R?|x, > 0} is an open set in R?.

5- B = {(xy,x,) € R?|x, = 0} is not open set in R%.  (why ?)

6- Every disc in R? (orR™) is not open in R? (orR™).

Definition 4.6 : (Boundary point) 403 g2 ddady

Let (X,d) be a metric spaceand S € X, x. € X, then we say that x. is a
boundary pointof S © Vr > 0, B.(x-)NS # @ VB, (x-) NS¢ = @
(where S¢ = X = S).

Example 4.6 :

Let (R, d) be a metric space and let S = [a, b] or (a, b] or [a, b). Then a

and b are boundary points of S.
Theorem 4.1:

Let (X, d) be a metric space and let T be the family of all open subsets of
X, then
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1-peTand X € T.

2- The union of any number ( finite or infinite ) of open sets in T is

alsoinT.
A sike Ao same (555 A gidall Cile sanall (o e shata (g aladl iny
3- The intersection of a finite number of open setsin T isalso in T.
Aa site Ao gema (555 Aa gidall Cle sanall (e dpgie da shaie Al aalii Jiny

l.e., Let X # @ be a metric space and let
T = {S|S € X and S open set in X}. Then

1-pvX €T
2-{Sa}uen: S ETVa € A= Uygep Sy ET. (A index set)

3-1fS; eTV;,1<1i<n(npositive interger number) =
n?=15i €T.

Proof:
l-letx €@ =>3AB,(x) cP=>0Qisopen=>0Q €T
“Ax€EP=>Vr>0, B.(x) ¢ = 0isopen

Also,Vx € X,3r > 0s.tB.(x) € X = X is an open set.
2- Let {S,},ca be a family of open sets, and let x € U ep S,

= Jda- EAStx €S,

S, 1S an open set = x is an interior point of S,

= 3B, (x) € S0 € Ugen Sa
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= x is an interior point of U,ep Sy
= Ugep Sq 1S an open set.
3-LetS;,i =1,2,---,nbeopensetsinT,and letx € N}, S; Vi
Sx€ESVi(l<i<n)
w S;isopensetVi = 3r; st B, (x) €5;
Let 0 < r = min{ry, 7y, -+, 7, }
~ B.(x) € B, (x)Vi €5; Vi S N S;
~ N, S;isanopenset= N, S; €T.
Remark 4.3.
Finiteness in (3) is essential
11

Let G, = (—— —) (n=1,2,--+). Then G,¥n open in R, but

nn

NS, G, = {0} which is not open in R®.

Definition 4.7;

Let X # @ and T be the family of subsets of X which satisfy the
conditions (1), (2) & (3) in the Theorem above ( Th 4.1). Then T is called

a topology on X and (X, T) is called a topological space.
Example 4.7:

1- Let X + @ be any set, and T = {@, X}, then (X, T) is a topological
space.
This topology is called indiscrete topology or trivial topology.
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2- Let X # @ be any set, and T be a family of all subsets of X, i.e.,
T = {A|A c X}, then (X, T) is a top.Space. This topology is called

a discrete topology.
3-Let X = {a,b,c}, then
a-T, = {0, X,{a}, {b},{a, b}} is a topology on X
b-T, = {8, X,{a, b}, {a, c}} is not a topology on X
because {a, b} N {a,c} ={a} ¢ T,.
c-T; = {@, X, {a}, {b}} is not a topology on X. (why?)

X sl T b sl 55 g el (] mall o3l (S (5 i sl ( X, d) OIS 1) rAliadla
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Theorem 4.2:
S is an open set < S is union of any number of balls.
Proof:

Suppose that S is an open set

=>VxeSan >0stB, (x) cS.
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 Uxes Br,(x) € S
but, S cC Uxes Brx =S5 = UXES Brx(x)

And, if S = Uyes By, (x) = S is an open set.

Definition 4.8:
Let X be a metric space ( or topological space ). A subset E of X is called

closed & E€ = X — E is open.
Example 4.8:

1- [a, b] is a closed set in R, because
R — [al b] = (—OO'G,) U (br OO)

2-{a, b} is a closed set in R, because

R —{a,b} = (—,a) U (a,b) U (b, )
3- (a, b] is not closed set in R, because

R —(a,b] = (=o,a] U (b, )

4- Qis not closed in R. (why?)
5- In general any disc in R™ is closed set.
6- In general any ball in R™ is not closed set.

7- [a,©) = {x € R|x = a} is closed, because R — [a, ©) = (—, a)

open.

8- (—oo,b] = {x € R|x < b} is closed, because R — (—o0,b] = (b, )

open.

Theorem 4.3:
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Every finite set in a metric space (X, d) is closed.

Proof:
Let A = {x;,x,,... xp,}and A° = X — A. T.P A€ is open.
Lety € A° = y # x; Vi=1,2,-,n =>dy,x)=1r>0
Let r = min{ry, 7y, ... 1;,}

=~ B (y)NA =0 = B,.(y) € A° = A isopen = A is closed.
Theorem 4.4:

Let X be a metric space ( or a topological space ) and T be the family of

all closed subsets of X. i.e., t = {E € X|E is closed}. Then.
1-9,X et
2- The union of a finite number of closed sets is closed.
3- The intersection of any number of closed sets is closed.

Proof: (check)

Remark 4.4:

The finiteness of the family in Th. 4.4.(2) is essential .i.e., The union of

an infinite collection of closed set need not be closed.

Example 4.9:

LetE, = (—oo,—l]U[% ,0) n=1,2,-- (closed)

n
= Ef = (— %,%) openvVn=1,2,-
Then U; -, E,, is open (not closed) , because

10
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oo [o'e} [o'e) 1 1
(Un=1En)° = Np=1 Ef = nzl(—;,;) = {0} closed
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