Chapter One: The Real Numbers Lecture Notes in Mathematical Analysis

Density of Irrational Numbers

Proposition 1.3: Let r € Q and s € Q¢, then

1. r+s€Q°

2. If r # 0, then rs € Q€.

Proof: (1) Let r+s & Q¢ = r+s € Q, since Q is field, r € Q =
—r € Q,then(r +s) —r =s € Q = C! (because s € Q°).

(2) Letrs & Q¢ = rs € Q, since Q is field, andr = 0 = (rs).% =SE

Q=C.

Theorem 1.5: if a,b € R such that a < b, then there exists s € Q¢
such thata < s < b.

Or ((Between any two real numbers there is at least one irrational
number)).

Proof: suppose that this theorem is not true.
VsERs.ta<s<b=>sEQ=>a+\/§<s+\/§<b+\/§,
this is contradiction with density of rational numbers.

~ a<s<bs€eQ’. m

Corollary 1.3: Let a < b, prove that there exists infinitely many of
irrational numbers between a, b.

Proof: (check).

The Absolute Value Function
Definition 1.9: The absolute value is a function |.|:R - R* u {0}
defined by
if x >
|x| :\/F:{X,lfx_o

—x,ifx <0

|x| is called the absolute value of x and |.| is called the absolute value

function.
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¢ Properties of the absolute value function
Theorem 1.6: The function |.| on R satisfying the following

properties:

1. |x| =0,Vx €R,

2. |x]|=>0 x=0,

3. |x.y| =lxl|.|lyl,vx € R,

4. |lx+yl <lx|+ |yl vx,y €R,
5. lx =yl = |lx| — lyl|, vx,y € R.
Proof: (check).

We shall use the absolute value function to define the distance

between two real numbers as follows:
Definition 1.10: Let d: R X R — R be a function define by

d(x,y) = |x —y|,Vx,y € R.d(x,y) is called the distance between
x and y.

The function d is satisfies the following conditions:

1. d(x,y) = 0,Vx,y €R.

2. dix,y) =0 ox=y

3. d(x,y) =d(y,x),Vx,y €ER

4. d(x,y) <d(x,z) +d(z,y),Vx,y,Z€R

Proof: Vx,y,z € R, we have

1.« d(x,y)=|x—1vy| =0.
>dx,y)=0=x=y

. dx,y)=lx—yl=1-(y =) =|-1lly — x|
= |y —x| =d(y,x)
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4. dx,y)=lx—yl=lx—z+z—-yl<Ix—z|+|z -yl
=d(x,z) +d(z,y). =

General Information's

Theorem 1.7: Let ¢ # A < R and sup(A) exist, prove that

dx €As.t sup(A) — e <x <sup(4).

Proof: (check).

Corollary 1.4: prove that the natural numbers set N is unbounded set.

Corollary 1.5: Let Aand B be a non-empty subset of R and let
a < b,Va € A, Vb € B. Prove that sup(4) < inf (B).

The Extended Real Numbers System

Definition 1.11: The Extended Real Numbers System consists of real
field R and two symbols, +oc and — c. We preserve the original
order in R, and define +o0 < x < —o0,Vx € R.

Let R* denoted the extended real numbers systems, then +co is an
upper bounded of every subset of R*, and every non-empty subset has

a least upper bounded.

Example 1.8: Let ¢ # E < R which is not bounded above in R, then
inf (E) = +o0in R*. And, if ¢ # E c R which is not bounded below
in R, then inf (E) = —oo in R™.

Remark: R* does not form a field.

Some properties:

a) IfxeR,thenx+00=+00,x—00=—00,i=i=0.

+ oo —00

b) If x > 0,then x. (+) = 40, x.(—0) = —o0,
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c) If x < 0,then x.(4+o) = —00,x.(—0) = —o0.



