Chapter One: The Real Numbers Lecture Notes in Mathematical Analysis

1. The real numbers
Definition 1.1: LetS # ¢ be any set. Then a function *:S XS —= S is

called a binary operation onS. We will write the element
* (ay,a,),V(a;,a,) ES XS
by follows a, * a, where:
()* is commutativeon S,ifaxb = b xa, Va,b € S.
(i) * is associativeon S, if (a *b) xc = a * (b *c), Va,b,c € S.

Example 1.1: Let R be the set of real numbers, and * defined on R as

follows:
a*xb=a®+b3Vabe€ER.
Then, * is commutative, but not associative (why?)

Definition 1.2: A field is a nonempty set F with two operators "+"

addition and
(A), (B) and (C).

multiplication which satisfy the following "field axioms"

(A) Axioms for addition:
(A)Vx,yeEF=>x+yE€EF,
(A4)x+y=y+x,Vx,y EF,
A))(x+y)+z=x+ W +2),Vx,y,Z€F,
(A4,)3'0€EFs.t,0+x=x+0=x,Vx EF,
(A)Vx e FA!(—x) € F,s.t, x+ (—x) = (—x) + x = 0.
(B) Axioms for multiplication:

(B))Vx,yEF=>x.y€EF,
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(By) x.y =y.x,Vx,y €F,
(B3) (x.y).z=x.(y.z),Vx,y,Z € F,
(By)A'1€eFs.tl.x=x.1=x,Vx€EF,
(Bs)Vx € Fandx # 0,3'(1/x) e Fs.tx.(1/x) = (1/x).x = 1.
(C) The distributive law:
x.(y+z)=x.y+x.2Vx,y,z€F.
Example 1.2: (R, +,.) isa field (R real numbers)

(Q,+,.) isafield (Q rational numbers)

Q4: Give example of not filed.

Order sets:

Definition 1.3: Let S be any set and <, c,S? be any relation defined on
S. Then < is partial order relation or order relation. If the following

properties hold:

1. Va €S, a < a (reflexive).

2. Va,b €S ifa<bandb < a= a= b (antisymmetric).

3. Va,b,ceS,ifa<bandb < c = a < c (transitive).

Definition 1.4: Let ¢ # S be any set and let < be a relation on S, then we
say that a pair (S, <) is an ordered set (or partial ordered set) if < is a

partial order relation on S.

Example 1.3: Let (Z,<),(P(A),<) are ordered sets. Where P(A) =
{B:B c A}
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Definition 1.5: Let (S, <) be an ordered set and Va, b € S either a < b or
b < a, then we say that the ordered pair (S, <) is totally ordered set or

(a and b are comparable).
Example 1.4:

1. (Z,<) is totally ordered set
2. LetA=1{1,2,3,4,56,7,89}and B = {2,4,8}
Let o be a relation on A, B defined as follows:
a={(a,b) € AXA}
Then (4, a) is not totally ordered set, because not every two elements in

A are comparable. (B, A/B) is totally ordered set.

Definition 1.5: we say that (S, <) is well-ordered set if Vo # Ac S, A

has a smallest element in A. (i.e.),3a € As.ta < x,Vx € A.
Example 1.5: (N, <) is a well- ordered set.

e Give example of not well-ordered set?

Bounded sets:
Definition 1.7: Let (S, <) be an ordered setand E c S.

1. If3aeSstx <a Vx €E,wesay that E is bounded above and call
a an upper bound of E.

2. An upper bound a of E is called the least upper bound of E (l.u.b (E))
or supremum of E (sup(E)) if a < y, Vy upper bound of E.

3. If3beSstx=bVx €E, wesay that E is bounded below and call
b a lower bound of E.

4. A lower bound b of E is called the greatest lower bound of E
(g9.L.b (E)) or infimum of E (inf(E)) if b = y, Vy lower bound of E.

5. E is called bounded if E is bounded above and bounded below.
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Example 1.6:

1.

Let S=Rand E = (—,0), then E is bounded above, since 30 €
Rs.tx<0,Vx€FE

s~ Lub(E)=sup(E)=0¢E

2.

LetS =QandE = {...,—3,—2,—1}. Then E is bounded above, since
3—-1(or0,14,..) €Qs.tx<—-1(or0,1,4,..)Vx € E.

s~ L.ub(E)=sup(E)=—-1€E

Let S=RandE = [-2,»), then E is bounded below, since 3 —
2(or—1,-3,..)ESs.tx=>—-2,Vx€E = g.L.b(E) =inf (E) =
—2€E

LetS = Q and E = {1,2,3,4, ... }. Is E bounded below? (Example).
LetS = Rand E = (—1,5). Then E is bounded above and sup(E) =
5¢E. Also E is bounded below andinf(E) = —1 ¢ E. Thus E is
bounded.

LetS=QandE;, = {x € Q*|x? < 2}and E, = {x € Q*|x? > 2} >
E, is bounded above. Since v2 & Q = E; has no least upper
bound (sup) in Q. Also, E, is bounded below, since v2 ¢ Q = E,

has no greatest lower bound (inf) in Q.
LetS=QandE ={>|n=123,..}={133,..} Then E s

11
2°3
bounded. sup(E) =1 € E andinf (E) =0 ¢ E.

The completeness axiom

Every bounded above set has the least upper bound.

Equivalently:

Every bounded below set has the greatest lower bound.
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Definition 1.8: An ordered set S is said to have the least upper bound
property (or is said to be complete) if every non-empty bounded above

subset E of S has a supremum in S.
Example 1.7:

1. The real numbers R is a complete order field.
2. Let Q be an ordered set and E ={x € Q*|x? <2}, then E #

@ (since 1 € E) and E is bounded above

=+ sup(E) =2 & Q = Q is not complete.



